The I" Funétion

Properties useful for Asymptotic Methods

Richard Chapling vi 30 November 2024
Definition 1. For all z with Re(z) > 0 the Gamma-funcétion Generalised binomial coefficients For any z € C and
is defined by [t] <1,
I'(z) = / t*~le~t dt. (1) ©
0 z _ k
(1+1)* = Z ( k)t
We basically only care about real z in this course. k=0
- 1) (z-k+1
_ Z Z(Z ) k'(z )tk (6)
1 Elementary formulae
Specific values F(z —k+1)k!
r=1 (2)
ie.
Proof. Integral is elementary for z = 1. O 2 - & (7)
k] T(z-k+1)k!
L(1/2) =vr (3) 2 Subétitutions
Proof. Scaling For any a > 0,
(o] (o] L r
I(1/2)% = / / sV 1205t go gy / e dt = ﬁ (3)
t=0 Js=0 0 a
Change variables to s = u(1—v), t = uv, dsdt = udu dv (Also the Laplace transform of t*.)
/ / *1/2*1/2“ “u gy g Proof. Put t = au in the definition. O
v du
u=0 Ju=0 lv(1—"0)
( . o Exponentials containing a power For any a > 0,
= / e_”du) (/ —)
N . 1
! 0 Vo(l-v) / exp(—t?) dt=F(1+—). (9)
0 a
Fir$t integral is 1, second substitute u = sin® @
Proof. Put t = u? in the definition. ]
/2
= / 2d0 =,
0 Onesided Gaussian moments For any a > —1,
integrand is positive so take the positive root, done. O o0 , 1 (1+a
/ t%e t dt = —F( ) (10)
0 2\ 2
Functional equation
Proof. Put t = u? in the definition. m
zZI'(z) =T(z+1) (4)

Proof. Integrate the definition by p

T is an extension of the factorial

I'(n+1)=n.

Proof. By induction on n.

'Reminder: the double factorial n!! is defined by 1!! = 2!! = 1 and (n+2)!! = (n+ 2)n!!. We also take (-1)!! =

integers by induétion if we so desire.

Twosided Gaussian moments If n is an even nonnegat-

arts. ]

ive integer, we have the formulaE

Foranyn € N, / p2n =12 gy _ on¥l/2p (n+ ) = (2n- 1)u\/_ (11)
(5)

Proof. Put t = su® in the definition with z = 1/2. Use

O indudtion, differentiate n times with respect to s. ]

1, we can extend to further odd negative
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3 Imaginary integrals
I' with imaginary exponent If0 <Rez <1,
/ tz—leiit dt = eiinz/zr(z) (12)
0

(This is an improper Riemann integral, it cannot be a Le-
besgue integral.)

Proof. We prove the positive case. The negative case is ex-
altly the same but we use a semicircle below the real axis.

Consider
/ wzfleiw dw
Yitya+y3+ya
where
* 1= (E’ R)!
« y3 = (Re'? : 6 € (0, 7)), (traversed anticlockwise)
Y3 = (lR, if),

o ys={ee® : 0 € (7,0)} (traversed clockwise).

See Figure 1
(R

<
Y~

€ R
Figure 1: Contour for imaginary I’
and we follow the branch of w? thatis 1 atw = 1.
This integral vanishes by Cauchy’s theorem since the

fun&ion is analytic inside this contour. Now look at the
individual contours:

R . ) )
/ — / tz—lezt dt — / tz—lezt dt
4! £ 0

y2 ByJordan’s Lemma, this converges to 0 as R — oo since
Re(z) < 1.

Y1

ys Subétituting w = €2y = ju, so dw = idu,E

i€
/:/ wz—leiwdw
Y3 iR
&
=/ (uei”/z)z_le_“idu
R

R
— _einz/Z/ Fle ™ du — _eiﬂz/Zr(z).
€

ya We have the bound

)

using the “reftangle bound” | fy fl<¢(y)sup,, f.

N

b
Zesz_ll =0(¢) > 0,

Hence obtain result. O
Imaginary integral with stationary point Foranya > 1,
. +it? +im/(2 1
et dt = /AT (14 2 (13)
0 a

Proof. Subgtitute ¢t = u® in (i2). ]

4 Miscellaneous

Complex conjugation
I'(z) =I(z) (14)

Reflexion formula

T(2)[(1-z) = Sin”m (15)

Most familiar way to prove this is to use the Beta function
and a contour integral.H See FURTHER COMPLEX METHODS.

Stirling’s formula As x — +oo,

T(x) ~ M(g)x (1 +L 40 (i)) (16

12x x2

Proof. In le¢tures/Example sheet 2! ]

?Reminder: the point of writing it this way is to emphasise how we compute the branch of w?, by following y» round from the real axis.

3And is certainly not relevant for this course!
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