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One of themoststriking features of quantummechanics, that causedmuch confusion in its early days, is that doing
operations in different orders gives different results. As any mathematician (or, indeed, shoe-and-sock-wearing
person) will tell you, this is actually quite a standard state of affairs, and not actually that alarming.
As we know, the wavefunction describes the characteristics of a physical system: it has a deterministic, linear time

evolution given by the Schrödinger equation, but measuring the system is described by a probabilistic process. In
theory, the wavefunction contains all information about the physical system, but since in general it is a continuous
function, and hence contains countably many bits of information, we would not realistically be able to extract every
piece of information from it. The situation is in fact worse than this: because not all operators commute, we obtain
further restrictions on the amount of certain information we are able to extract: this is the uncertainty principle
described below.

 e Postulates ofantum Meanics

We summarise the basis of the theory of Quantum Mechanics here:

States The state of the system is described by a vectorψ in a Hilbert spaceH .

Observables To each observable quantity A (position, momentum, angular momentum, energy, charge, &c.) there
corresponds a Hermitian operator Â onH , although we will subsequently write A for both.

Probability The probability of measuringψ as being in state φ is |(φ,ψ )|2 /(φ,φ)(ψ ,ψ ). After the system is measured
to be in state φ, it remains in φ. In particular, the only possible values of an observable A are given by the
eigenvalues of the operator Â, and when we measure that A has value a, the state of the system becomes an
eigenstate of Â with eigenvalue a.

Average The average value of an operator Â in a stateψ is given by (ψ , Âψ )/(ψ ,ψ ).
Time evolution The vector evolves (in a way that preserves total probability) via the Schrödinger equation. iℏ∂tψ =

Hψ .

Something very useful to note is that this description has said nothing about what ψ actually is, apart from that
it lives in something called a Hilbert space. This means that we are able to talk about quantum mechanics in more
generality with these ideas than just working with the wavefunction all the time.

 Hilbert Space

The following is the natural type of space in which to do quantum mechanics:

Definition  (Hilbert space). LetH be a vector space over C, ⟨·, ·⟩ : H ×H → C an inner product onH , andH be
complete in the topology induced by the norm ψ  = ⟨ψ ,ψ ⟩1/2. ThenH is called a Hilbert space.
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right results, even if they don’t really understand why it does what it does.





Examples You already know plenty of examples of Hilbert spaces; normally the main subtlety is in checking the
completeness.

• Cn with inner product ⟨x ,y⟩ = ∑n
i=1 x̄iyi is a very simple example of a Hilbert space, which is used in quantum

information theory.

• ℓ2 is the set of complex sequences (zk ) so that ∑
k |zk |2 is finite. It is a Hilbert space when given the inner

product ⟨z,w⟩ = ∑∞
k=1 z̄nwn .

A notable absentee here that you may have expected is something like C[0, 1] with the inner product given by
⟨f ,д⟩ = ´ 1

0 f̄ д, which you may have discussed when talking about Sturm–Liouville theory. This space is unfortu-
nately not complete: it is easy to make up a sequence of functions with norms converging to zero, that do not tend
to the zero function.

 Operators

In this course, an operator is a linear functionH → H . A lot of the basic properties of operators are familiar from
matrix theory: for example, they form a complex vector space L(H ), and have a composition operation that looks
like multiplication, but is not in general commutative:

AB , BA.

We also know plenty of examples of operators: all matrices are operators, (and it is sometimes helpful to pretend
that operators are infinite-dimensional matrices), derivatives are operators, multiplying by a number is an operator,
….

Definition  (Adjoint). Let A ∈ L(H ). If there is B ∈ L(H ) so that for all φ,ψ ∈ H ,

⟨φ,Aψ ⟩ = ⟨Bφ,ψ ⟩, ()

then B is called the adjoint of A. (It is easy to check that it is unique.) We normally write the adjoint as A†.
If A† = A, then A is called self-adjoint, or in this course, Hermitian.
If AA† = A†A, A is called normal.

In quantummechanics, every observable quantity (such as energy, position, momentum and angular momentum)
has a corresponding self-adjoint operator; hence the self-adjoint operator itself is also referred to as an observable.
Normal operators look rather peculiar, and perhaps even extraneous: who cares if a matrix commutes with its

adjoint. The value lies in the fact that self-adjoint, skew-adjoint and unitary matrices are all normal, so we can prove
properties about them simultaneously.

. Commutators

The most important new object that concerns operators is the commutator, which is another sort of “product” on L,
in that it takes two operators A,B and produces another, their commutator [A,B]. This is defined by

[A,B] = AB − BA.

Three properties of the commutator suffice for this course:

. Obviously it is antisymmetric: [A,B] = −[B,A]. Therefore we also have [A,A] = 0.

The search for a space where this inner product does give a complete norm was only ended by Lebesgue’s new theory of integration:
the Riemann integral and its successors simply aren’t able to do this. This was one of the main reasons for the widespread adoption of
Lebesgue’s integral as the standard one used in mathematics.

It is possible to take linear functions between different Hilbert spaces, or indeed, different sorts of spaces, but the most interesting ones are
the endomorphisms, that map a space to itself: think of all the extra stuff we can do with square matrices!
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. It is linear in each argument: [A,B +C] = [A,B] + [A,C] (the other case following from the first property).

. We have the following identity, which is not a million miles from Leibniz’s rule for the derivative:

[A,BC] = [A,B]C + B[A,C]; ()

this may be proven by expanding the right-hand side.

Equipped with these, we can calculate essentially any commutator we like from more basic ones.
The most important commutator in quantum mechanics is that between position and momentum:

[x ,p] = iℏ. ()

Hence, for example, we have

[x ,H ] =
[
x ,

p2

2m
+V (x)

]
=

1
2m

[x ,p2] = 1
2m

([x ,p]p + p[x ,p]) = iℏ

m
p. ()

In general, [x ,p] = iℏ, and then the inductive step
[xk ,p] = xk−1[x ,p] + [xk−1,p]x = iℏxk−1 + [xk−1,p]x ,

implies the general formula
[xn ,p] = iℏnxn−1.

 Eigenvalues and Eigenstates

As with a matrix, λ is an eigenvalue of the operator A if there is at least oneψ , 0 so that

Aψ = λψ ;

ψ is then called an eigenstate of A, since it is a state vector.
The three things you know about the eigensystem of symmetric (and Hermitian) matrices are actually properties

of normal operators:

eorem . Let A be normal. en

. Ax = λx ⇐⇒ A†x = λ̄x .

. Eigenveors corresponding to different eigenvalues are orthogonal.

. Special cases:

a) If A is self-adjoint, the eigenvalues of A are real.

b) If A is skew-adjoint (A† = −A), the eigenvalues of A are pure imaginary.

c) If A is unitary, the eigenvalues of A have modulus 1.

These are all straightforward consequences of the simple identity ∥Ax ∥ = ∥A†x ∥ for normal operators, along with
the other, all-too-familiar proofs.
In this course, we also assume that the eigenstates of a Hermitian operator can be chosen to form a basis of H ,

so that if the eigenstates are labelled eλ,n , we have

ψ =
∑
λ,n

⟨eλ,n ,ψ ⟩eλ,n .

For non-commutative multiplication, Leibniz’s rule takes the form d(BC) = (dB)C + B(dC).
As with any Fourier series, equality here is pointwise ifψ is nice enough.





 Uncertainty Principle

The uncertainty principle referred to above is a direct consequence of non-commutativity. We shall prove it here in
a general form. In particular, recall the variance or uncertainty of Ameasured for a stateψ is given by

(∆A)2ψ = ⟨(A − a)2⟩ψ = ⟨A2⟩ψ − ⟨A⟩2ψ , ()

where ⟨C⟩ψ =
´
R ψ̄Cψ for any operatorC . IfA and B are Hermitian, then i[A,B] is also Hermitian: takingC = A+itB

with t real, we have
C†C = (A† − itB†)(A + itB) = A†A + it(A†B − B†A) + t2B†B.

Applying the Hermiticity,
C†C − (A2 + t2B2) = ti(AB − BA) = ti[A,B].

The left-hand side is Hermitian, so the right-hand side is too.
We can use the same idea to produce an uncertainty relation between A and B: letC ′ = (A− a)+ it(B −b), where

the small letters are the expectations of the variables denoted by the capitals, a = ⟨A⟩ψ &c. Then we can define the
polynomial

p(t) = ⟨Cψ ,Cψ ⟩ = ⟨C†C⟩ψ =
⟨((A − a) − it(B − b)) ((A − a) + it(B − b))⟩

ψ
. ()

p(t) is the length of a vector, so it must be nonnegative.
Expanding out,

p(t) = ⟨(A − a)2 + it ((A − a)(B − b) − (B − b)(A − a)) + t2(B − b)2⟩
ψ
.

Now applying the linearity of expectation,

p(t) = ⟨(A − a)2⟩ψ + t⟨i[A − a,B − b]⟩ψ + t2⟨(B − b)2⟩ψ
Themiddle term must be real, since every other term in the equation is. We also have [A−a,B−b] = [A,B], because
the commutator is linear and the constants commute with everything. Hence

p(t) = (∆A)2ψ + t⟨i[A,B]⟩ψ + t2(∆B)2ψ .
Since p is nonnegative, the discriminant of p must be nonpositive, that is,

(⟨i[A,B]⟩ψ )2 − 4(∆A)2ψ (∆B)2ψ ⩽ 0,

and square rooting gives
(∆A)2ψ (∆B)2ψ ⩾ 1

2
�⟨[A,B]⟩ψ � , ()

the General Uncertainty Principle.
Taking A = x and B = p, we obtain the famous Heisenberg Uncertainty Principle,

(∆x)ψ (∆p)ψ ⩾ 1
2
�⟨[x ,p]⟩ψ � = 1

2ℏ, ()

beloved of physics coffee mug enthusiasts.

 A Small Return to the Classical: Ehrenfest’s eorem

It may be of concern that we have dealt exclusively with quantum effects, with essentially no appeal to classical
physics. The natural question is of what the relationship between the two very different-seeming theories is. While
we can’t answer this question in general here, we can give one quite comforting example: the average values of
operators follow classical trajectories. More precisely,

eorem  (Ehrenfest’s Theorem). Letψ (t) be the wavefunion of a quantum system with potential V (x). en

d

dt
⟨x⟩ψ (t ) =

1
m
⟨p⟩ψ (t ) ()

d

dt
⟨p⟩ψ (t ) = −⟨V ′⟩ψ (t ) ()

And indeed, there are several forests’-worth of discussion on the various issues involved in this.





Proof. The proof is essentially an application of the product rule, the Schrödinger equation, and its conjugate,

−iℏ∂tψ ∗ =
(
− ℏ

2

2m
∂2
x +V

)
ψ ∗.

Then

d

dt
⟨x⟩ψ (t ) =

d

dt

ˆ
ψ ∗(t)xψ (t)

=

ˆ
∂tψ

∗(t)xψ (t) +
ˆ
ψ ∗(t)x∂tψ (t)

= ⟨∂tψ (t),xψ (t)⟩ + ⟨ψ (t),x∂tψ (t)⟩
= − 1

iℏ
⟨Hψ (t),xψ (t)⟩ + 1

iℏ
⟨ψ (t),xHψ (t)⟩

=
1
iℏ
⟨ψ (t), [x ,H ]ψ (t)⟩

=
1

2miℏ
⟨ψ (t), [x ,p2]ψ (t)⟩

=
1

2miℏ
⟨ψ (t), 2iℏpψ (t)⟩

=
1
m
⟨p⟩ψ (t ).

The p result is similar, using [p,H ] = [p,V (x)] = −iℏV ′(x). □

The proof suggests to us the following more general result:

eorem  (Heisenberg). Let ψ (t) be the wavefunion of a quantum system with potential V (x), A(t) an operator.
en

d

dt
⟨A(t)⟩ψ (t ) = ⟨[A(t),H ]⟩ψ (t ) + ⟨∂tA(t)⟩ψ (t ). ()

The proof is as before, with an extra term for the time-derivative of A.
Ehrenfest’s equantions should remind you of Hamilton’s equations,

dq

dt
=
∂H

∂p
=

p

m
,

dp

dt
= −∂H
∂q
= −V ′(q). ()

In other words, the centre of mass follows a classical trajectory, and the quantum contribution is of perturbation
about this trajectory. There is also a classical version of Heisenberg’s theorem, which uses an object called the
Poisson bracket; this is defined by

{A,B} =
∑
k

∂A

∂qk

∂B

∂pk
− ∂B
∂qk

∂A

∂pk
.

for two functions A,B of p and q.
This gives the oddly familiar-looking

{q,p} = 1,

and time-evolution is described by Liouville’s equation,

dA

dt
= {A,H} + ∂A

∂t
.

Or rather, Heisenberg’s result is the quantum analogue of the following result, which preceded it.
Discussed in Claical Dnamic in Pa II.





 e Harmonic Oscillator

The potential most beloved of physicists is that of the harmonic oscillator,

V (x) = 1
2
mω2x2. ()

This has many nice properties, some of which are explored on the example sheets. We want to find the energy
eigenstates.
The time-independent Schrödinger equation is

− ℏ
2

2m
ψ ′′ +

1
2
mω2x2ψ = Eψ . ()

We change variables, setting y =
√
mω/ℏx and E = 2E/ℏω. The differential equation simplifies to

− d2ψ

dx2 + y
2ψ = Eψ . ()

This doesn’t look enormously promising: we still can’t solve this!
We have two options at this point: we can guess a solution, or try and do the same trick as on the first example

sheet, where we factorise the Hamiltonian into two first-order operators, which are much easier to use.

. Guessing a Solution

Put E = 1. Then it so happens that

− d2ψ

dy2 + (y2 − 1)ψ = 0. ()

is solved by
ψ0(y) = Ce−y2/2. ()

(Check!). It is easy to show using the Uncertainty Principle that this solution has the lowest possible energy, so it is
a ground state. Energy levels are non-degenerate in one dimension, so it is the ground state.
To get to the rest of the eigenstates and energy levels, we make a sensible assumption, that the character of the

decay of the solutions doesn’t depend on the energy (since y2ψ is the dominant term in the equation for large y, this
seems reasonable). Thus we look for solutions in the form

ψ (y) = f (y)e−y2/2.

Inserting this into the Schrödinger equation, we find that f satisfies (check!)

d2 f

dy2 − 2y
d f

dy
+ (E − 1)f = 0.

It is then clear that if E = 1, f (y) = 1 is a solution. Otherwise, we now have to use the method of Frobenius. It is
clear that y = 0 is a regular point, since the leading coefficient is 1, and the rest are analytic nearby. Multiplying to
make the equation homogeneous, (

y2d
2 f

dy2

)
− 2y2

(
y
d f

dy

)
+ (E − 1)y2 f = 0.

We now substitute

f (y) =
∞∑
n=0

yn ,

Recall IA Diffeenial Eaion





which gives

0 =
∑
n

�
n(n − 1) − 2ny2 + (E − 1)y2�anyn

=
∑
n

[[n(n − 1)]an − [2(n − 2) − (E − 1)]an−2]yn ,

rearranging to get the same coefficients. Hence

an =
2n − E − 3
n(n − 1) an−2,

or
an+2 =

2n + 1 − E
(n + 2)(n + 1)an . ()

We firstly see that there are two independent solutions: an odd one and an even one. Our next concern is the large-y
behaviour. Suppose the power series we have found does not terminate. Then for large n, the recurrence relation to
first order

an+2 ∼
2
n
an .

But this recurrence is that satisfied by e2x2 : the large-y behaviour of the two functions is the same, and this implies
that the overall ψ will not be normalisable. Hence we must have the series terminate, so there is a nonnegative
integer N so that E = 2N + 1. Unwinding the substitution we made, we conclude that the energy levels are given
by

EN =
(
N +

1
2

)
ℏω, N ∈ {0, 1, 2, . . . }, ()

and the eigenfunctions are polynomials of degree N , odd or even if N is odd or even respectively.
What are these polynomials?

. e Hermite Polynomials

The solutions to () with E = 2N + 1 are therefore of the form

ψN (y) = cNhN (y)e−y2/2, ()

where hN has degree N and parity hN (−y) = (−1)NhN (y), and cN is the normalisation constant Because () is a
Sturm–Liouville equation on (−∞,∞) and these solutions have different eigenvalues, they are all mutually ortho-
gonal, i.e. ifm , n,

0 =
ˆ ∞
−∞

ψmψn =

ˆ ∞
−∞

hm(y)hn(y)e−y2
dy, ()

so the hN are orthogonal polynomials with respect to the weight e−y2 .
This fact is all we need to calculate them, using, for example, the Gram–Schmidt proceedure: we find that with

the most common convention,

h0(y) = 1
h1(y) = 2y
h2(y) = 4y2 − 2
h3(y) = 8y3 − 12y

...

These are not normalised with respect to the inner product: instead, they are designed so that they have the expo-
nential generating function

G(x , t) =
∞∑
n=0

hn(x)t
n

n!
= e2xt−t2 ; ()

one can check that this satisfies the differential equation Gxx − 2xGx + 2tGt = 0, which contains all of the other
differential equations as coefficients of t .





.. Hermite Polynomials and the Fourier Transform

One nice property of the harmonic oscillator wavefunctions ψn that is often not mentioned is that they are eigen-
functions of the Fourier transform: to see this, we can use the generating function. We use the unitary transform
with simple phase, which is best for quantum mechanics:

F (f )(k) = 1
√

2π

ˆ
R
e−iky f (y)dy.

The transform of the polynomials can then be computed by
∞∑
n=0

tn

n!
1
√

2π

ˆ
R
e−ikyhn(y)e−y2/2 dy =

1
√

2π

ˆ
R
e−ityG(y, t)e−y2/2 dy

=
1
√

2π

ˆ
R
e−itye2yt−t2−y2/2 dy

= e−k
2/2−2kit+t2 1

√
2π

ˆ
R
e−(y−t+ik/2)2/2 dy

= G(k,−it)e−k2/2,

so equating coefficients,
F (hn(y)e−y2/2)(k) = (−i)nhn(k)e−k2/2. ()

Since the Fourier transform is a unitary operator with F 4 = 1, these are the only possible eigenvalues.
Another useful fact, which we do not prove here, is that these wavefunctions span L2(R), the space of integrable

functions onRwith
´
R |f |2 < ∞. Hence wemay obtain an orthonormal basis of L2(R)which diagonalises the Fourier

transform.

.. Rodriguez-like formulae

From the generating function (), we can find a Rodriguez-like formula for hn :

hn(y) = (−1)ney2
∂ny e

−y2
,

and we have the operator identity
−ey2
∂ye
−y2
= ey

2/2(y − ∂y )e−y2/2,

so we have
hn(y) = ey

2/2(y − ∂y )ne−y2/2. ()

That’s interesting: we can go from one polynomial to another using a differential operator. Can we do the same
for the solutions to the original problem?

. Faorising the Hamiltonian

The obvious place to start hunting for such a differential operator is in the Hamiltonian, since it has a differential
operator in it, albeit second-order. We can use the trick we learnt on the first example sheet: we suspect that there
is a differential operator a so that H = ca†a + d for some numeric constant c . An obvious candidate for a is some
linear combination of p and x , since H = 1

2mp2 + mω2

2 x2, so let a = λp + µx . Then, we have

a†a = (λ∗p† + µ∗x†)(λp + µx)
= (λ∗p + µ∗x)(λp + µx)
= |λ|2 p2 + λ∗µpx + λµ∗xp + |µ |2 x2

= |λ|2 p2 + |µ |2 x2 + (λ∗µ + λµ∗)px + λµ∗[x ,p]
= |λ|2 p2 + |µ |2 x2 + 2ℜ(λµ∗)px + λµ∗iℏ

For more details of this, see the excellent book Fourier Series and Integrals, by Dym and McKean, § ..





We conclude that
c
�
λ2� = 1

2m
, c |µ |2 = mω2

2
, ℜ(λµ∗) = 0.

One obvious way to satisfy these is to take

a =

√
mω

2ℏ

(
x +

ip

mω

)
a† =

√
mω

2ℏ

(
x − ip

mω

)
,

and then
H = ℏω(a†a + 1

2 ).

The commutation relations for x and p give corresponding ones for a and a†:

[a,a†] = mω

2ℏ

[
x +

ip

mω
,x − ip

mω

]
=
mω

2ℏ

(
2 −i
mω

[x ,p]
)
= 1;

if we also introduce the self-adjoint operator
N = a†a

(the number operator), then we also have

[N ,a] = −a, [N ,a†] = a†.

These identities are the key to what follows. a is called the annihilation operator, and a† the creation operator, for
reasons that will become clear: essentially, a† can be used to change an eigenstate into one with higher energy, and
conversely, a into one with lower energy.
It is clear that the eigenstates of H are the same as those of N , and the eigenvalues are linearly related. Suppose

we have a normalised eigenstateψ with eigenvalue λ. Then

λ = ⟨ψ ,Nψ ⟩ = ⟨ψ ,a†aψ ⟩ = ⟨aψ ,aψ ⟩ = aψ 2 ⩾ 0,

so the eigenvalues are nonnegative, and zero if and only if aψ = 0.
Ah, but this is only a first-order equation:

aψ = 0 ⇐⇒ 0 = (ip +mωx)ψ =
(
ℏ
d

dx
+mωx

)
ψ ,

which we know has solution
ψ (x) = Ce−(mω/ℏ)x2/2.

Now, ifψ has N -eigenvalue λ, then aψ is also an eigenstate:

Naψ = ([N ,a] + aN )ψ = (−a + aλ)ψ = (λ − 1)aψ
Therefore if the eigenvalue of N is not an integer, we can make a state with number eigenvalue as negative as we
like by applying a enough times. This is obviously no good, since we know that the eigenvalues are nonnegative
for normalisable states! Therefore the eigenvalues of N are positive integers.
On the other hand, each positive integer is an eigenvalue: since [N ,a†] = a†, if ψ has eigenvalue λ, a†ψ has

eigenvalue λ + 1. Also, the norm of the state a†ψ is

a†ψ 2
= ⟨a†ψ ,a†ψ ⟩ = ⟨ψ ,aa†ψ ⟩ = ⟨ψ ,N + [a,a†]ψ ⟩ = (λ + 1).

Putting all this together, we find:

. The eigenvalues of H are ℏω(n + 1/2), for n ∈ {0, 1, 2, . . . }





. The ground state is

ψ0(x) =
(mω
2πℏ

)1/4
exp

(
−mω
ℏ

x2

2

)
()

. The higher normalised eigenstates are
ψn(x) = 1

√
n!
(a†)nψ0. ()

All of which took considerably less work (and especially algebra) than working with the differential equations!

 Angular Momentum

In three dimensions, position andmomentum are given by vectors, rather than just real numbers. Hence inQuantum
Mechanics we need to use vector operators to represent them. The easiestway to do this is to look at each component
separately, so we have three position operators x1,x2,x3, and three momentum operators p1,p2,p3. Analogously
to one dimension, the momentum operators are represented by derivatives, pk = −iℏ∂xk , or in vectorial terms,
p = −iℏ∇. One then has the commutators

[xi ,x j ] = 0 ()
[pi ,pj ] = 0 ()
[xi ,pj ] = −iℏxi∂x j + iℏ∂x jxi = iℏδi j . ()

The classical definition of angular momentum is L = x × p, and we carry this over to the quantum case by
considering each individual component: we have the three operators, for angular momentum in the three directions,

Li = εi jkx jpk . ()

We find the commutator of two of these in the usual way, although we need some fairly heroic Levi-Civita manip-
ulation:

[Li ,Lj ] = [εiklxkpl , εjmnxmpn]
= εiklεjmn[xkpl ,xmpn]
= εiklεjmn([xkpl ,xm]pn + xm[xkpl ,pn])
= εiklεjmn(−iℏδlmxkpn + iℏδknxmpl )
= iℏ(εiklεjmkxmpl − εiklεjlnxkpn)
= iℏ

�(δimδ jl − δi jδkm)xmpl − (δinδ jl − δi jδkn)xkpn�
= iℏ(xipj − x jpi )
= iℏεi jkLk

This, of course, means that we can’t find more than one component of the angular momentum with certainty.
On the other hand, we can look at the total angular momentum, i.e. the scalar quantity L2 := L2

1 +L
2
2 +L

2
3 = LiLi .

It turns out that this commutes with the individual components of L:

[L2,L3] = [LiLi ,L3] = Li [Li ,L3] + [Li ,L3]Li = iℏεi3k (LjLk + LkLj ) = 0

since it is the contraction of a symmetric tensor with an antisymmetric one. Therefore, we can choose states that
have both definite L3 (called magnetic quantum number) and definite L2 (called azimuthal quantum number).

The magnetic quantum number is so-called because particles with different values of m can be distinguished by their movement in a
magnetic field.





L2 contains two derivatives, so we expect it to relate to the Laplacian. We can do this by expanding:

LiLi = εi jkεilmx jpkxlpm

= (δ jlδkm − δ jmδkl )x j (xlpk + [pk ,xl ])pm
= (δ jlδkm − δ jmδkl )x j (xlpk − iℏδkl )pm
= x j (x jpk − iℏδ jk )pk − x j (xkpk − iℏδkk )pj
= r2p2 + 2iℏ(x · p) − xkx jpkpj
= r2p2 + 2iℏ(x · p) − xk (pkx j + iℏδ jk )pj
= r2p2 + iℏ(x · p) − (x · p)2

It is not quite clear yet, but with the representation p = −iℏ∇, we find that x ·p = −iℏr∂r , and so after rearrangement
we have

−ℏ2∇2 = −ℏ2
(1
r
∂rr∂r +

1
r
∂r

)
+

1
r2L

2 = −ℏ2
(
∂2
r +

2
r
∂r

)
+

1
r2L

2.

The bracket, of course, is the radial part of the Laplacian, which can also be written as r−2∂rr
2∂r or r−1∂2

r r .
In particular, this implies that L2 contains only angular derivatives. Similarly, we find that L3 = −iℏ∂φ . It follows

that ifV = V (r ) is radial, then [H ,L2] = [H ,L3] = 0, so we can find a simultaneous eigenstate of all three operators.
In the language of partial differential equations, we want to separate variables, initially to ψ (r ,θ ,φ) = R(r )Y (θ ,φ).
Then

2mr2
(
− ℏ

2

2m
1
rR
∂2
r rR +V (r ) − E

)
= −L

2Y

Y
.

The left-hand side depends only on r , the right on θ and φ, so they are both equal to a constant, which we write as
ℏ2ℓ(ℓ + 1) for reasons that will become apparent. The Schrödinger equation therefore becomes the radial equation,

− ℏ
2

2m
1
r
∂2
r rR +

ℏ2ℓ(ℓ + 1)
2mr2 R +VR = ER ()

and the angular equation
L2Y = ℏ2ℓ(ℓ + 1)Y .

The functions Y are universal in that they are the same for any radial potential; they are called spherical harmonics.
The radial equation () can be simplified further by taking χ = rR, reducing it to a one-dimensional Schrödinger

equation with a modified potential,

− ℏ
2

2m
∂2
r χ +

(
ℏ2

2m
ℓ(ℓ + 1)

r2 +V

)
χ = Eχ ;

this is analogous to the introduction of a centripetal term in classical mechanics.

That this looks odd is probably due to the Hamiltonian being used, rather than the more usual Lagrangian. Remember the Lagrangian has
very little application inQuantum Mechanics.
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